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We study nature of the low-lying resonance states in mirror nuclei 9Be and 9B. Investigations
are performed within a three-cluster model. The model makes use of the hyperspherical harmonics,
which provides convenient description of three-cluster continuum. The dominant three-cluster con-
figurations α+ α+ n and α+ α+ p in 9Be and 9B, respectively, are taken into account. Dominant
decay channels for all resonance states in 9Be and 9B are explored. Much attention is paid to the
controversial 1/2+ resonance states in both nuclei. We study effects of the Coulomb interaction on
energy and width of three-cluster resonances in the mirror nuclei 9Be and 9B. We also search for
the Hoyle-analogue state which is a key step for alternative way of 9Be and 9B syntheses in a triple
collision of clusters in a stellar environment.
PACS numbers: 24.10.-i, 21.60.Gx
I. INTRODUCTION
The resonance state is one of the challenging problems
for theoretical and nuclear physics. There are common
features of resonance states, observed in a few- or many-
channel systems. However, there are some specific fea-
tures connected with the ways of excitation or generation
of resonance states and also in different ways resonance
state decays in nuclear systems. Special attention is at-
tracted by resonance states formed by three interacting
clusters, i.e. resonance states embedded in three-cluster
continuum. Such resonance states are repeatedly ob-
served in nuclei with well-determined three-cluster struc-
ture. These nuclei have a dominant three-cluster config-
uration, and it means that bound states and many res-
onance states are lying bellow and above, respectively,
threshold of three-cluster continuum. In other words,
bound states and large part of resonance states in three-
cluster nuclei are generated by an interaction of three
clusters. As examples of such nuclei, we can mention
5H, 6He and 6Be, 9Be and 9B and many others.
In the present paper, a microscopic three-cluster model
is applied to study nature of resonance states in 9Be and
9B. Dominant three-cluster configurations α+α+n and
α + α + p, respectively, are selected to describe the low
excitation energy region in these nuclei. The microscopic
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model, which was formulated in Ref. [1], makes use of the
total basis of oscillator functions to describe inter-cluster
motion. The model is called as AM HHB which stands for
the Algebraic three-cluster Model with the Hyperspheri-
cal Harmonics Basis. The first application of this model
to study resonance structure of 9Be and 9B was made in
Ref. [2]. Results presented in Ref. [2] were obtained with
the Minnesota potential (MP). In present paper we make
use of the modified Hasegawa-Nagata potential (MHNP)
[3, 4], and we pay much more attention to the 1/2+ reso-
nance states, the Coulomb effects on resonance states in
mirror nuclei. Besides, we look for the Hoyle analogue
states in 9Be and 9B.
There are many attempts to study the resonance struc-
ture of 9Be and 9B within different methods and mod-
els see, for instance, [5–13]. Mainly, these investigations
are performed within the cluster model or different vari-
ants of the Resonating Group Method. In some cases,
determination of resonance parameters is carried out in
the framework of models when three-cluster problem is
reduced to the many-channel two-body system by rep-
resenting 9Be (9B) as coupled-channel system 8Be+n
(8Be+p) and 5He+4He (5Li+4He). Other group of pa-
pers take into account that all resonance states in 9Be
and 9B belong three-cluster continuum. Position of reso-
nance states and their properties are determined by using
the Complex Scaling Methodology or the Hyperspheri-
cal Harmonics basis. The latter allows one to incorpo-
rate proper boundary conditions for decay of a compound
system on three independent clusters, while the former
allows one to locate resonance states in continuum of
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2many-channel and many-cluster systems.
Special attention is attracted by the 1/2+ excited
states in 9Be and 9B. This is stipulated by two factors.
First, position of these resonance was obtained at differ-
ent energies in various experiments. Some experiments
claimed that there are no such resonances in 9Be or 9B.
Second, different theoretical investigations suggested dif-
ferent energy and nature of the 1/2+ excited states in 9Be
and 9B. Some theoretical investigations stressed there is
not the 1/2+ excited states in 9Be and that resonance
peak in reactions of the photodisintegration is associated
with a virtual state. Other group of investigations de-
tected the 1/2+ excited states in 9Be and 9B as resonance
states in two- or three-body continuum. This dispute also
encouraged us to perform the present investigations.
We need to mention numerous experimental investiga-
tions of 9Be and 9B: [14–21] where structure and different
processes taking place in these nuclei are investigated.
Our paper is organized in the following way. In Section
II we explain key elements of our model. Main results are
presented in Section III. There is a detail discussion on
nature of 1/2+ resonance states in Section IV. In Section
V we discuss effects of the Coulomb interaction on energy
and width of resonance states in 9Be and 9B, and quest
for the Hoyle-analog states is presented in Section VI. We
close the paper by summarizing the obtained results in
Section VII.
II. MODEL FORMULATION
In this section we shortly outline main ideas of the
model.
We start with a wave function of a nucleus consisting of
three clusters, as a key element of the model formulation.
To describe a three-cluster system one has to construct
a three-cluster function
ΨJMJ =
∑
L,S
Â {[[Φ1 (A1, s1) Φ2 (A2, s2)] Φ3 (A3, s3)]S
× f (J)L,S (x,y)
}
JMJ
(1)
and by solving a many-body Schro¨dinger equation one
has to determine inter-cluster wave function f
(J)
L,S (x,y)
and spectrum of bound state(s) or S-matrix for states
of the continuous spectrum. Jacobi vectors x and y
determine relative position of clusters. Wave functions
Φα (Aα, sα) (α=1, 2, 3), describing internal motion of
the cluster consisted of Aα nucleons and with the spin
sα, are assumed to be fixed, and they possess some very
important features, for instance, they are antisymmetric
and translation-invariant ones. Adiabaticity, connected
with a fixed form of the wave functions Φα (Aα, sα), is the
main assumption of the method which is well-known as
the Resonating Group Method [22]. In fact, the wave
function (1) provides a projection operator which re-
duces the many-particle problem to an effective three-
body problem with nonlocal and energy-dependent po-
tential (see detail in Ref. [22]). For amplitudes
f
(J)
L,S (x,y) =
∑
l1,l2
f
(J)
l1,l2;L,S
(x, y) {Yl1 (x̂)Yl2 (ŷ)}LML
(2)
one can deduce an infinite set of the two-dimension (with
respect to variables x and y) integro-differential equa-
tions. This set of equations can be more simplified. If we
introduce hyperspherical coordinates
x = ρ cos θ, y = ρ sin θ, (3)
Ω = {θ, x̂, ŷ}
and construct a full set of orthonormal hyperspherical
harmonics
YK,l1,l2,LML (Ω) = χK,l1,l2 (θ) {Yl1 (x̂)Yl2 (ŷ)}LML (4)
(see definition of the hyperspherical harmonics, for in-
stance, in [1, 23]), then the wave function (1) is repre-
sented as
ΨJMJ = Â
 ∑
c={K,l1,l2;L,S}
[[[Φ1 (A1, s1) Φ2 (A2, s2)] Φ3 (A3, s3)]S YK,l1,l2;L (Ω)]JMJ ψK,l1,l2;L,S (ρ)
 , (5)
where hyperradial components ψK,l1,l2;L,S (ρ) of the wave
function obey an infinite set of integro-differential equa-
tions. The last step toward the simplification of numer-
ical solutions of such a system of equations is to expand
the hyperradial amplitudes {ψK,l1,l2;L,S (ρ)} over a ba-
sis of the hyperradial part of oscillator functions in the
six-dimension space as
ψK,l1,l2;L,S (ρ) =
∑
nρ
CnρK,l1,l2;L,S (b)Rnρ,K (ρ, b) , (6)
3where Rnρ,K (ρ, b) is an oscillator function
Rnρ,K (ρ, b) = (−1)nρ Nnρ,KrK exp
{
−1
2
r2
}
LK+3nρ
(
r2
)
,
(7)
r = ρ/b, Nnρ,K = b−3
√
2Γ (nρ + 1)
Γ (nρ +K + 3)
,
and b is the oscillator length.
Expansion over the oscillator basis reduces the set of
integro-differential equations to the system of linear al-
gebraic equations for expansion coefficients∑
n˜ρ,c˜
{〈
nρ, c
∣∣∣Ĥ∣∣∣ n˜ρ, c˜〉− E 〈nρ, c|n˜ρ, c˜〉}Cn˜ρ,c˜ = 0, (8)
where the multiple index c denotes a channel of the hy-
perspherical basis c = {K, l1, l2, L, S}. This system is rel-
evant to bound states and to continuous spectrum states.
To obtain spectrum of bound states, one can use diag-
onalization procedure for the reduced set of the equa-
tions (8). However, to find wave functions and elements
of the scattering S-matrix, one has to implement proper
boundary conditions for expansion coefficients in Eq. (8).
These conditions were thoroughly discussed in Ref. [1].
Completeness relations for hyperspherical harmonics
and oscillator functions are∑
K,l1,l2,LM
YK,l1,l2,LM (Ω)YK,l1,l2,LM
(
Ω˜
)
= δ
(
Ω− Ω˜
)
,
∑
nρ
Rnρ,K (ρ, b)Rnρ,K (ρ˜, b) = δ (ρ− ρ˜) ,
where delta function δ
(
Ω− Ω˜
)
stands for product of
five delta functions for each of hyperspherical angles
{θ, x̂, ŷ} = {θ, θx, ϕx, θy, ϕy}. The completeness rela-
tions insure us that up to now we made no restrictions
or approximations. Approximations will be formulated
later, when we proceed to numerical solutions of the sys-
tem of equations (8).
Note that hyperspherical angles determine the shape
and orientation in the space of a triangle connecting
the centers of mass of interacting clusters. And thus,
the hyperspherical harmonics describe all possible rota-
tions and all possible deformations of the triangle. Each
hyperspherical harmonic YK,l1,l2,LM (Ω) (similar to the
solid harmonics) predetermines one or several dominant
shapes of the three-cluster triangles (see some illustra-
tions for this statement in Ref. [24, 25]).
As for functions ψK,l1,l2;L,S (ρ) and Rnρ,K (ρ, b), they
describe radial excitations or monopole or breath-
ing mode excitations. Besides, the wave functions
ψK,l1,l2;L,S (ρ) describes all elastic and inelastic processes
in three-cluster continuum and thus they contain ele-
ments of the scattering S-matrix:
ψK,l1,l2;L,S (ρ)⇒ δc0,cψ(−)c (kρ, ηc)− Sc0,cψ(+)c (kρ, ηc) ,
(9)
where c0 and c denote incoming and present or outgoing
channels, respectively; in general case they consist of five
quantum numbers c = {K, l1, l2, L, S}. Six dimension
incoming ψ
(−)
c (kρ, ηc) and outgoing ψ
(+)
c (kρ, ηc) waves
are determined as follows
ψ(±)c (kρ, ηc) = W±iηc,K+2 (2ikρ) /ρ
5/2, (10)
where Wν,µ (z) is the Whittaker function (see chapter 13
of book [26]) and ηc is the Sommerfeld parameter
ηc =
m
~2
Zc,ce
2
k
.
The wave functions ψ
(±)
c (kρ, ηc) are solutions to the dif-
ferential equations
{
− ~
2
2m
[
d2
dρ2
+
5
ρ
d
dρ
− K (K + 3)
ρ2
]
(11)
+
Zc,ce
2
ρ
− E
}
ψ(±)c (kρ, ηc) = 0,
where Zc,ce
2/ρ represents the effective Coulomb interac-
tion in hyperspherical coordinates. It should be stressed
that equation (11) and the Coulomb interaction in this
equation represent an asymptotic form of the microscopic
three-cluster hamiltonian when distances between inter-
acting clusters are large. The effective charge Zc,c was
determined in Ref. [1] and there was suggested an algo-
rithm for its calculation. One can find in Refs. [24] and
[27] the explicit values of the effective charge for 6Be and
12C, respectively.
The asymptotic of wave functions presented in eq. (9)
is formulated for the so-called 3-to-3 scattering. This
approximation is valid when there are no bound states
in any two-cluster subsystem. That is the case for nuclei
9Be and 9B we are going to study.
By closing this section we consider possible values of
quantum numbers of the hyperspherical harmonics. First
we consider possible values of the partial angular orbital
momenta l1 and l2. They determine the total parity of a
three-cluster state pi = (−1)l1+l2 . This implies the first
restriction on possible values of l1 and l2. Next, the total
orbital momentum L is a vector sum of partial angular
orbital momenta l1 and l2: L = l2 + l2 and thus
L = |l1 − l2| , |l1 − l2|+ 1, . . . , l1 + l2,
and we have got the second restriction. the last restric-
tion is connected with peculiarities of the hyperspherical
harmonics. For a fixed value of the hypermomentum K,
sum l1 + l2 can have the following values
l1 + l2 = Kmin,Kmin + 2, . . . ,K,
where Kmin = L for the normal parity state pi = (−1)L
and Kmin = L + 1 for the abnormal parity state pi =
(−1)L+1. Combing the first and third restrictions, we
4conclude that the hyperspherical harmonics with even
values of K describes positive parity states, while har-
monics with odd values of K describes only negative par-
ity states.
Let us consider a partial case of positive parity states
with zero value of the total orbital momentum L. In
this case the partial orbital momenta l1 = l2 =0,
1, . . . , K/2, and for the selected value of the hy-
permomentum K we have got K/2 + 1 hyperspheri-
cal functions. If we take all hyperspherical harmon-
ics with K=0, 2, . . . , Kmax, we will involve Nch =
(Kmax + 2) (Kmax + 4) /8 channels in our calculations,
where Nch is the number of possible channels c. For
an arbitrary value of the total orbital momentum L,
by taking into account all hyperspherical harmonics
with K = Kmin,Kmin + 2, . . . ,Kmax, we will involve
Nch = (Kmax −Kmin + 2) (Kmax −Kmin + 4) (L+ 1) /8
channels.
As we deal with the oscillator functions, describing
three-cluster system, in the following we will use the
quantum number Nsh which numerates oscillator shells
for a state of the compound system with the parity pi and
the total angular momentum L. An oscillator function
|nρ, c〉 with a given values of nρ and K belongs to the
oscillator shell
Nsh = nρ + (K −Kmin) /2
provided that K ≥ Kmin. This condition means that
when nρ = 0, the oscillator function with hypermomen-
tum K = Kmin appears on the oscillator shell Nsh = 0,
and the oscillator function with K = Kmin + 2 ap-
pears on the oscillator shell Nsh = 1 and so on. If
K = Kmin, then the number of the oscillator shell Nsh
coincides with the number of the hyperradial excitations
nρ. On the oscillator shells Nsh ≥ (Kmax −Kmin) /2
we have got a fixed number of the oscillator functions
Nf=(Kmax −Kmin) /2 + 1.
III. SPECTRUM OF RESONANCE STATES IN
9BE AND 9B
To perform numerical calculations, we need to fix a
few parameters and select the nucleon-nucleon poten-
tial. We start with selection of the nucleon-nucleon po-
tential. We exploit the Modified Hasegawa-Nagata po-
tential (MHNP) [3, 4] to model nucleon-nucleon interac-
tion. This is a semi-realistic potential constructed from
the realistic nuclear force by using the reaction matrix
method, and it has been intensively used in numerous
many-cluster systems, as it provides a good description
of the internal structure of clusters and interaction be-
tween clusters as well. After the NN potential was se-
lected, we need to fix four input parameters: oscillator
length b, number of channels or number of hyperspherical
harmonics and number of hyper radial excitations.
We restrict ourselves with a finite set of the hyper-
spherical harmonics, which is determined by the maximal
TABLE I. Number of channels involved in calculations for
different states Jpi of 9Be and 9B. Nch(J−) and Nch(J+) are
explained in the text.
Jpi 1/2− 1/2+ 3/2− 3/2+ 5/2− 5/2+ 7/2− 7/2+ 9/2+
Kmax 13 14 13 14 13 14 13 14 14
Nch (J−) - 21 28 12 21 44 42 30 54
Nch (J+) 29 12 21 44 42 30 30 54 36
Nch 29 33 49 56 63 74 72 84 90
value of the hyperspherical momentumKmin. To describe
the positive parity states we use all hyperspherical har-
monics with the hypermomentum K ≤ Kmin = 14, the
negative parity states are described by the hyperspher-
ical harmonics with K ≤ Kmin = 13. These amounts
of the hyperspherical harmonics account for many dif-
ferent scenarios of the three-cluster decay. We also re-
strict ourselves with number of the hyperradial excita-
tion nρ ≤ 100. This allows us to rich an asymptotic re-
gion, where all clusters are well separated and the cluster-
cluster interaction, induced by the nucleon-nucleon po-
tential, is negligible small. In Table I we collect informa-
tion about the number of total channels (Nch) involved in
calculations for different values of the total angular mo-
mentum J and parity pi. We also indicated the number
of channels compatible with the total orbital momentum
L = J−1/2 (Nch (J−)) and L = J+1/2 (Nch (J+)), nat-
urally Nch = Nch (J−) + Nch (J−). Note that the same
set of the hyperspherical harmonics was used in Ref. [2].
Since the total spin of nuclei 9Be and 9B equals S =
1/2, then the total orbital momentum L is not a quantum
number and a state with the total angular momentum
J will be presented by a combination of L = J − 1/2
and J = L+ 1/2. One may expect that the spin-orbital
forces play a noticeable role in formation of the ground
and excited states in 9Be and 9B.
We selected a tree of the Jacobi vectors where the first
Jacobi vector x determines distance between center of
mass of two alpha particles, while the second Jacobi vec-
tor y indicates a distance of the valence nucleon to the
center of mass of two alpha particles. With such a choice
of the tree, the partial orbital momentum l1 of the rela-
tive rotation of two alpha particles has only even values.
As a consequence of that restriction, the number of inde-
pendent hyperspherical harmonics is reduced to almost
1/2, and the parity of the compound system is totally
determined by the partial orbital momentum l2 which
associated with rotation of the valence nucleon around
8Be as the two-cluster α+ α subsystem.
In the present paper, as in previous calculations [2],
the oscillator length b is selected to minimize the bound
state energy of the alpha particle, which is obtained with
b=1.317 fm. This allows us to describe correctly the in-
ternal structure of the alpha particle. If we take the
original form of the MHNP, we obtain the overbounded
ground state in 9Be and the bound 3/2− state in 9B. The
latter contradicts to experiments in 9B. The similar situ-
ation was observed for the MP. To avoid this unphysical
5situation, we changed slightly parameters of the MHNP
in order to reproduce bound state energy of 9Be. It is
necessary to recall, that modification of the Majorana pa-
rameter affects only the odd components of the central
components of the nucleon-nucleon potential. This mod-
ification does not affect the spin-orbital components of
the MHNP, which are taken in the original form. Within
the present model, the odd components determine the
interaction between clusters and are not involved in de-
termining the internal energy of each cluster consisting of
s-wave configurations. Thus, by modifying the Majorana
parameter, we obtain the correct value of the binding en-
ergy of 9Be. This is achieved with m=0.4389, which can
be compared to the original value m =0.4057. With this
value of the Majorana parameter, the spectrum of res-
onance states in 9Be and 9B is calculated. In Table II
we compare original and new parameters of the MHNP.
They are presented in the form
V2S+1,2T+1(r) =
3∑
n=1
V
(n)
2S+1,2T+1 exp
{
− r
2
a2n
}
,
where S and T are the spin and isospin of two nucleon
system, respectively. One can see that modification of the
Majorana parameter changes only the odd components
of the intermediate-range in the MHNP.
TABLE II. Original and new parameters of the MHNP. In-
tensities of the potentials V31, V13, V33, V31, are given in MeV
and range of Gaussians a is in fm.
Parameters Original New
n 1 2 3 1 2 3
V
(n)
31 -6.0 -546.0 1655.0 -6.0 -546.0 1655.0
V
(n)
13 -5.0 -360.0 1144.6 -5.0 -360.0 1144.6
V
(n)
33 1.667 -70.0 161.5 1.667 -33.746 161.5
V
(n)
11 15.0 50.0 0.0 15.0 86.254 0.0
an 2.500 0.942 0.542 2.500 0.942 0.542
One can also see difference between original (O)
and modified (M) odd components V33 and V11 of the
Hasegawa-Nagata potential in Figure 1. Increasing of the
Majorana parameter leads to a more repulsive character
of the odd components of the potential.
A. Two-cluster subsystems
Before proceeding to resonance states in 9Be and 9B,
let us consider how the MHNP describes their two-cluster
subsystems. By using new and original parameters of the
MHNP we calculate the spectrum of resonance states in
two-cluster subsystem 8Be, 5He and 5Li. Results of these
calculations are presented in Table III. One can see that
the MHNP with original parameters describes better the
spectrum of the resonance states in 8Be, especially the
2+ and 4+ resonance states. However, the NN poten-
tial with the original and modified sets of parameters
FIG. 1. Odd components of the MHNP as a function of dis-
tance between nucleons.
TABLE III. Spectrum of resonance states in 8Be, 5He and 5Li
calculated with original (O) and modified (M) parameters of
the MHNP. Energy E and width Γ are in MeV.
O M Exp. [28]
Jpi E Γ E Γ E Γ
8Be 0+ 0.360 0.032 0.859 0.958 0.092 5.57·10−6
2+ 3.196 1.716 4.138 4.809 3.12 1.513
4+ 11.576 2.569 14.461 6.386 11.44 ≈ 3.500
5He 3/2− -0.258 - 0.385 0.209 0.798 0.648
1/2− 2.307 10.195 2.335 11.927 2.068 5.57
5Li 3/2− 0.608 0.162 1.236 0.725 1.69 1.23
1/2− 3.194 11.986 3.235 13.903 3.18 6.60
yield too wider 0+ resonance states with a larger energy.
The MHNP with the modified Majorana parameter de-
scribes better spectrum of resonance states in 5He and
5Li than the this potential with the original value of m.
However, theoretical values of energy and width of the
lowest resonance states in 5He and 5Li differ noticeable
from experimental values. Despite these discrepancies
between calculated and experimental spectrum of reso-
nance states in two-cluster systems 8Be, 5He and 5Li, we
are going to use the MHNP with the modified value of
the parameter m to study spectrum of three-cluster res-
onance states in compound 9Be and 9B nuclei. As well
known (see, for instance, Ref. [2] and references therein),
it is impossible to reproduce properly spectrum of 9Be
and 9B with the semi-realistic nucleon-nucleon potential,
which properly describe structure of two-cluster subsys-
tems 8Be, 5He and 5Li.
Now we turn our attention to the spectrum of 9Be
and 9B nuclei. Results of calculations with the MHNP
are presented in Tables IV and V where we compare our
results with the experimental data [29]. Results of our
calculations are in fairly good agreement with available
experimental data. Energy and width of some resonance
6states are rather close to experimental data, for instance,
parameters of the 5/2− and 9/2+ resonance states in 9Be,
and parameters of the 5/2−, 1/2− and 5/2+ resonance
states in 9B.
TABLE IV. Spectrum of bound and resonance states of 9Be
calculated with the MHNP.
Exp. AM HHB, MHNP
Jpi E(MeV±keV) Γ(MeV±keV) E(MeV) Γ(MeV)
3/2− -1.5735 -1.5743
1/2+ 0.111±7 0.217±10 0.338 0.168
5/2− 0.8559±1.3 0.00077±0.15 0.897 2.363·10−5
1/2− 1.21±120 1.080±110 2.866 1.597
5/2+ 1.476±9 0.282±11 2.086 0.112
3/2+ 3.131±25 0.743±55 4.062 1.224
3/2−2 4.02±100 1.33±360 2.704 2.534
7/2− 4.81±60 1.21±230 4.766 0.404
9/2+ 5.19±60 1.33±90 4.913 1.272
5/2−2 6.37±80 ∼1.0 5.365 4.384
7/2+ 5.791 3.479
TABLE V. Experimental and theoretical spectrum of reso-
nance states of 9B.
Exp. AM HHB, MHNP
Jpi E(MeV±keV) Γ(MeV±keV) E(MeV) Γ(MeV)
3/2− 0.277 0.00054±0.21 0.379 1.076·10−6
1/2+ (1.9) '0.7 0.636 0.477
5/2− 2.638±5 0.081±5 2.805 0.018
1/2− 3.11 3.130 ± 200 3.398 3.428
5/2+ 3.065±30 0.550±40 3.670 0.415
3/2+ 4.367 3.876
3/2−2 3.420 3.361
7/2− 7.25±60 2.0±200 6.779 0.896
9/2+ 6.503 2.012
5/2−2 12.670±40 0.45±20 5.697 5.146
7/2+ 7.100 4.462
Spectrum of the ground and excited states in 9Be and
9B, presented in Figure 2, where spectrum is displayed as
a function of J (J + 1), shows that there are three rota-
tional bands in these nuclei. They can be marked in the
standard manner asK = 3/2−, K = 1/2−, andK = 1/2+
rotational bands. The main K = 3/2− rotational bands
are comprised of the 3/2−1 , 5/2
−
1 and 7/2
−
1 states and are
represented by almost straight lines in both nuclei. It
means that the effective moment of inertia is of a rigid-
body type, since it is independent of the total angular
momentum J . This is the first rotational band for nega-
tive parity states. The second negative-parity rotational
K = 1/2− band involves also three states 1/2−, 3/2−2
and 5/2−2 . A bent line connects these states. However,
that part of line which connects 3/2−2 and 5/2
−
2 states,
is parallel to the line of the first rotational band. Such
shape of a line in the K =1/2− band indicates that the
Coriolis forces are strong in the 1/2− state and are very
small in the 3/2−2 and 5/2
−
2 states. The Coriolis forces,
associated with the interaction of the internal and collec-
tive degrees of freedom, are rather strong in the states of
the positive parity rotational K = 1/2+ band. Especially
they are very strong for the 3/2+ and 9/2+ states, since
these states strongly bends a line collecting states of this
band. As in the case of the K = 1/2− band, the line
connecting the 5/2+ and 7/2+ is also parallel to the line
of the first rotational K = 3/2− band. It is interesting
to note a close similarity in the structure of rotational
bands in 9Be and 9B nuclei.
FIG. 2. Spectrum of rotational bands in 9Be and 9B.
In Figures 3 and 4 we compare results of our present
calculations (MHNP), with results of previous investiga-
tions (MP), presented in [2], and with available experi-
mental data [29].
There are two main differences between previous cal-
culations with the MP and new ones with the MHNP.
First, the MHNP generates much less (approximately
two times) of resonance states within the considered re-
gion of energy. Second, the MHNP does not create many
narrow resonance states. The common feature of these
two calculations is that the 1/2+ resonance states in 9B
and 9Be are observed close to the three-cluster threshold
α+α+N . It is worth to recall, that parameters of the MP
7FIG. 3. Experimental (Exp) and calculated spectrum of 9Be
determined with the MHNP and MP.
FIG. 4. Experimental and calculated spectrum of 9B.
and MHNP potentials were adjusted to reproduce energy
of the 3/2− ground state in 9Be. With these parameters
we obtained the 3/2− resonance states of 9B at the en-
ergy very close to the experiment. This result means
that we found the correct interaction between clusters in
9B and 9Be. In this paper, as in the previous one [2],
we use the same parameters of nucleon-nucleon interac-
tions for all other Jpi states. From Figures 3 and 4 we
conclude that the MHNP generates more correct cluster-
cluster interaction for many sets of the Jpi states, than
the MP. We also conclude that spectrum of resonance
states in 9B and 9Be strongly depends on peculiarities of
the nucleon-nucleon interaction.
In Figure 5 we provide more detail comparison of some
resonance states calculated with the MHNP and MP. As
we see position of selected resonance states (namely 5/2−
and 1/2+ in both nuclei, and 3/2− in 9B) are almost in-
dependent or slightly dependent on the shape of nucleon-
nucleon potentials.
FIG. 5. Comparison of some resonance states in 9Be and
9B calculated with the MHNP and MP potentials and with
experimental data.
IV. PROPERTIES OF THE 1/2+ RESONANCES
STATES
A. Resonance solutions in the hyperspherical
harmonics method
Now we turn our attention to the 1/2+ resonance states
in 9B and 9Be. In this section we are going to present
more details about calculations of resonance states within
the present model. Numerical solutions of the dynamic
equations (8) give us Nch×Nch elements of the S-matrix
‖Sc,c˜‖ and set of wave functions for a given value of
energy. We analyze the behavior of the diagonal ma-
trix elements Sc,c of the S-matrix, which we represent as
Sc,c = ηc,c exp {2iδc,c}, where δc,c is the phase shift and
ηc,c is the inelastic parameter. This analysis helps us to
reveal resonance states and determine some of their phys-
ical properties. However, energy of the resonance state
8and its total width are determined by using an uncoupled
channel or eigenchannel representation which is obtained
by reducing the scattering matrix ‖Sc,c˜‖ to the diago-
nal form. Details of such transformations are explained
in Ref. [30]. The representation allows us to calculate
partial widths, to discover dominant decay channels and
thus to shed more light on nature of investigated reso-
nance states.
In Figures 6 and 7 we display the diagonal phase shifts
and inelastic parameters of 3⇒3 scattering for the 1/2+
state in 9B and 9Be, respectively. These results are ob-
tained with Kmax=14 and with the MHNP. With such
a value of Kmax, 32 channels are involved in calcula-
tions (see Table I) and only three of them produces
phase shifts which are not very small at the energy region
0≤ E ≤5 MeV. The phase shift connected with the chan-
nel c = {K = 0, l1 = 0, l2 = 0, L = 0} of 9Be shows reso-
nance behavior at energies E=0.338 MeV and E=1.432
MeV. The second resonance state is also reflected in the
second channel c = {K = 2, l1 = 0, l2 = 0, L = 0} as a
shadow resonance. One should to recall, that the shadow
resonance appears in many-channel systems when it cre-
ated in one channel and reflects in other channels. The
most famous shadow resonance states are the 3/2+ reso-
nance states in 5He and 5Li which were thoroughly dis-
cussed in book [22]. These resonance states are created
by the Coulomb barrier in d + t and d +3 He channels,
respectively, and they also reflected in α + n and α + p
channels. If one disconnects d+ t and α+ n or d+3He
and α + p channels, then one will observe the resonance
state only in the first d+ t or d+3He channel. See more
detail discussion of the shadow resonance states in Refs.
[31, 32].
Phase shifts δcc for the 1/2
+ state in 9B also ex-
hibit resonance states at two energies E=0.636 MeV and
E=2.875 MeV. As in the case of 9Be, resonance states in
1/2+ state of 9B are connected with only one channel
c = {K = 0, l1 = 0, l2 = 0, L = 0} .
Due to the Coulomb interaction, resonance states in 9B
are shifted to a higher energy region with respect to posi-
tion of these resonance states in 9Be. It is interesting to
note that one observes only elastic processes around the
first 1/2+ resonance state in both nuclei, as the inelastic
parameters ηcc = 1. Meanwhile, the elastic and inelas-
tic processes are quite intensive around the second 1/2+
resonance state in 9B and 9Be. These results mean that
only one channel dominates in formation of the first 1/2+
resonance state, and that more channels are involved in
formation and decay of the second 1/2+ resonance states.
Phase shifts δcc for the 1/2
+ state in 9Be and 9B
demonstrate that the total orbital momentum L = 0
dominates in this state. Can we neglect the total orbital
momentum L=1 to form the 1/2+ state? What is role
of that value of the total orbital momentum? To answer
these questions, we make additional calculations by ne-
glecting the state with L=1. In this case we obtain the
1/2+ resonance state in 9Be with parameters E=0.340
FIG. 6. Phase shifts δcc and inelastic parameters ηcc for the
3⇒3 scattering for the Jpi = 1/2+ state in 9Be.
MeV and Γ=0.171 MeV which is close to results with
L=0 and L=1: E= 0.338 MeV and Γ=0.168 MeV. In 9B
we obtain E=0.649 MeV and Γ=0.475 which has to be
compared with E=0.636 MeV and Γ=0.477. Thus, one
may obtain quite correct values of energy and total width
of the 1/2+ resonance state in 9Be and 9B by omitting
the state L=1.
It is important to note that with the MHNP we obtain
the 1/2+ resonance state in 9Be and 9B with energy 0.338
and 0.636 MeV, respectively. These energies are smaller
than the energy of binary channel thresholds 8Be+n and
8Be+p, if we take energy of the 0+ resonance state as a
the ’”ground state” of 8Be. As we can see from Table III,
this energy equals 0.859 MeV. Thus our model with the
MHNP suggests that the 1/2+ resonance state in 9Be
and 9B is of the three-cluster nature. Let us compare
what this model suggested for the MP. Energy of the
1/2+ resonance state in 9Be and 9B, calculated in Ref.
[2] with the MP, equals 0.25 and 0.59 MeV, respectively,
which is higher than the energy E=0.17 MeV of binary
thresholds 8Be+n and 8Be+p. Thus the 0+ resonance
state in 8Be may participate in formation of he 1/2+
resonance state in 9Be and 9B.
9FIG. 7. Phase shifts δcc and inelastic parameters ηcc for the
3⇒3 scattering for the Jpi = 1/2+ state in 9B.
TABLE VI. Convergence of parameters of the 1/2+ resonance
state in 9Be and 9B.
Nucleus Kmax 4 6 8 10 12 14
9Be E, MeV 0.338 0.338 0.338 0.338 0.338 0.338
Γ, MeV 0.179 0.175 0.172 0.171 0.169 0.168
E, MeV 4.972 3.710 2.091 1.886 1.764 1.432
Γ, MeV 3.827 3.869 1.194 0.641 0.634 0.233
9B E, MeV 0.629 0.631 0.633 0.634 0.636 0.636
Γ, MeV 0.493 0.487 0.483 0.481 0.479 0.477
E, MeV 5.173 4.434 3.948 3.030 2.875
Γ, MeV 3.287 3.001 3.350 1.978 1.235
B. Resonance wave functions in the oscillator shell
representation
1. Convergence of resonance energy and width
To demonstrate that we involve a large set of the hy-
perspherical harmonics, which provides convergent re-
sults for energy and width of resonance states, we con-
sider how they depend on number of hyperspherical har-
monics. In Table VI we demonstrated convergence of
parameters of the 1/2+ resonance state in 9B and 9Be.
As we see, parameters of the first 1/2+ resonance state
in 9B and 9Be are quite stable when we increase basis of
hyperspherical harmonics from Kmax = 4 to Kmax = 14.
However, it is not the case for the second 1/2
+
resonance
state in 9B and 9Be, as more larger set of the hyperspher-
ical harmonics participate in formation of the second res-
onance state.
TABLE VII. Total Γ and partial widths Γi for the second
1/2+ resonance states in 9Be and 9B.
9Be
E= 1.432 MeV, Γ=0.2327 MeV
i K l1 l2 L Γi Γi/Γ K l1 l2 L Γi Γi/Γ
1 0 0 0 0 0.1858 79.82 0 0 0 0 0.1858 79.82
2 2 0 0 0 0.0458 19.67 2 0 0 0 0.0293 12.59
3 4 2 2 0 0.0009 0.39 2 1 1 0 0.0165 7.08
4 4 2 2 1 0.0001 0.08 4 1 1 0 0.0006 0.262
5 4 2 2 0 0.0004 0.17
6 4 2 2 1 0.0001 0.05
Tree n+8 Be 4He+5 He
9B
E=2.871 MeV, Γ=1.2355 MeV
i K l1 l2 L Γi Γi/Γ K l1 l2 L Γi Γi/Γ
1 0 0 0 0 1.1072 89.62 0 0 0 0 1.1072 89.62
2 2 0 0 0 0.1154 9.34 2 0 0 0 0.0739 5.98
3 4 0 0 0 0.0025 0.20 2 1 1 0 0.0416 3.36
4 4 2 2 0 0.0088 0.72 4 1 1 0 0.0084 0.68
5 4 2 2 1 0.0013 0.10 4 2 2 0 0.0030 0.24
6 4 1 1 1 0.0005 0.04
7 4 2 2 1 0.0008 0.07
Tree n+8 Be 4He+5 He
Our method allows to reveal dominant decay chan-
nels by calculating partial widths Γi (i=1,2, . . . , Nch,
Γ =
∑Nch
i=1 Γi) of each resonance state. An algorithm for
their determination is presented in Ref. [30]. We con-
sider partial widths only of the second 1/2+ resonance
states in 9Be and 9B. In Table VII we present total and
partial widths of those channels which make noticeable
contribution to the total width of the resonance state.
In this Table we also show a ration Γi/Γ in percent (i=
1, 2, . . . ), which explicitly indicates the most probable
decay channels of the considered resonances. Note that
the total contribution of the presented channels exceeds
99.95 %.
In Tables VIII and IX we collect different experimental
and theoretical results concerning parameters of the 1/2+
resonance state in 9Be and 9B. Here, ACCCM stands for
the analytic continuation in a coupling constant method
[33], and GCM means the Generator Coordinate Method
[8]. Both methods make use of the same part of the
Hilbert space as we use in our model. In Ref. [8] the
Volkov potential N2 supplemented with the zero-range
spin-orbital interaction represents the nucleon-nucleon
interaction, while the MP is involved in the ACCCM
calculations [33]. The ACCCM model generates a very
broad 1/2+ resonance state in both nuclei. Energy of
these resonances exceeds 2 MeV. Parameters of the 1/2+
resonance states determined within the GCM are close to
experimental values especially for 9Be. The GCM implies
that the 1/2+ resonance state in 9B is broad. Within our
model we obtain energy of the 1/2+ state in 9Be is close
to experimental, however, its width is smaller than ex-
perimental. The calculated width with the MP is very
small. In 9B, our model generates two resonance states,
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TABLE VIII. Parameters of the 1/2+ resonance state in 9Be
determined by different experimental and theoretical meth-
ods.
9Be
Method Source E, MeV Γ, keV
(e, e′) [34] 1.684 ± 0.007 217 ± 10
(e, e′) [19] 1.68 ± 0.015 200 ± 20
(γ, n) [17] 1.750 ± 0.010 283 ± 42
(e, e′) [18] 1.732 270
β decay [35] 1.689 ± 0.010 224 ± 7
(e, e′) [15] 1.748 ± 0.006 274 ± 8
(γ, n) [36] 1.728 ± 0.001 214 ± 7
ACCCM [33] 2.52 2620
GCM [8] 1.55 360
AM HHB, MP [2] 1.802 15
AM HHB, MHNP Present 1.912 168
TABLE IX. Parameters of the 1/2+ resonance state in 9B de-
termined by different experimental and theoretical methods.
9B
Method Source E, MeV Γ, MeV
Compilation [16] 1.0 1.8
6Li
(
6Li, t
)
[21] 0.73 ± 0.05 ≈0.3
10B
(
3He, α
)
[37] 1.8 ± 0.2 0.9 ± 0.3
6Li
(
6Li, d
)
[38] 0.8–1.0 ≈1.5
ACCCM [33] 2.0 2.7
GCM [8] 1.27 1.24
AM HHB, MP [2] 0.30 0.12
AM HHB, MP [2] 2.08 0.83
AM HHB, MHNP Present 0.26 0.48
AM HHB, MHNP Present 2.50 1.24
one of which is close to the ”ground state” of the nucleus
(E ≈0.3 MeV) and the second one has an excitation en-
ergy E> 2 MeV and a width around 1 MeV.
2. Wave functions of resonance states
To understand nature of 1/2
+
resonance states in 9B
and 9Be, we analyze wave functions. As was mentioned
above the wave function of the three-cluster system has
many-components and is a huge object which is difficult
to analyze. The simplest way for analyzing the wave
function of a resonance state is to study weights of oscil-
lator shells. In Fig. 8 we show the weight Wsh of different
oscillator shell Nsh (Nsh = 0, 1, 2, . . . ) in the wave func-
tion of resonance states. The weights are determined as
follows
Wsh = Wsh (Nsh) =
∑
nρ,c∈Nsh
∣∣Cnρ,c∣∣2 .
It is important to note that oscillator wave functions with
small values of Nsh describe very compact configurations
of the three-cluster system, when distance between inter-
acting clusters is very small. Oscillator functions with
large values of Nsh account for configurations of the
three-cluster system with a large distance between all
clusters and/or when one cluster is far away from two
other clusters. These statements can be deduced from
the fact that the radius (or average size) of a three-cluster
system, describing by an oscillator function from the Nsh
oscillator shell, is equal approximately to b · √4Nsh + 3.
One can see that the wave function of the 1/2+ reso-
nance in 9Be is similar to the wave function of the res-
onance state in 9B and both of them are represented by
the oscillator shells with large values of Nsh. Figure 8
displays the behavior of the wave function which is typi-
cal for low-energy wave functions. In asymptotic region,
which is not display here, these functions have an oscil-
latory behavior. This statement is justified by the fol-
lowing considerations. Like in a two-body case with a
sort-range interaction, the position of the first node of
the wave function shifts to at lager distances from the
origin as the energy decreases to zero. In the oscillator
space we have approximately the same picture as it seen
in the coordinate space. This is because there is a sim-
ple relation between the wave function in the coordinate
space and expansion coefficients in the oscillator repre-
sentation (see detail, for instance, in [1]). To make it
clear, we consider a simple case. Suppose that we in-
volve only one channel to describe 1/2+ state in 9B and
9Be. This channel has zero value of the hypermomen-
tum and thus partial orbital momenta l1 = l2 = 0 and
the total orbital momentum L=0. An asymptotic part
of the single-channel wave function in the hyperspherical
harmonic formalism is [39, 40]
ψK,=0 (ρ) ≈ cos (kρ+ δ0 − 5pi/4)
ρ5/2
, ρ 1,
while in the oscillator representation the expansion coef-
ficients are
CnρK=0 (b) ≈
√
2R2n ·
cos (kbRn + δ0 − 5pi/4)
R
5/2
n
, nρ  1,
(12)
where δ0 is the phase shift of 3⇒3 scattering with the
hypermomentum K=0 and
Rn =
√
4nρ + 6,
k =
√
2mE
~2
.
For the sake of simplicity we assume that there is no
Coulomb interaction in both 9Be and 9B nuclei. Ex-
pansion coefficients (12) indicate that the weight of the
oscillator shell Nsh = nρ equals approximately
Wnρ ≈
∣∣∣∣cos (kbRn + δ0 − 5pi/4)√Rn
∣∣∣∣2 (13)
and tends to zero as nρ goes to infinity due to the de-
nominator proportional to n
1/2
ρ . It is seen from (13) that
oscillator shells which obey the conditions
kbRn + δ0 − 5pi/4 = νpi/2, ν = 1, 2, . . . ,
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give a negligibly small contribution to the wave func-
tion in the oscillator representation CnρK=0 and, conse-
quently, to the weight Wnρ . One may expect a node of
the wave function at this point of the discrete coordinate
nρ.
In a more complicated case, when a large number of hy-
perspherical harmonics are involved in calculations, one
expect an oscillatory behavior of the wave functions and
weights of the oscillator shells Wsh for any state of con-
tinuous spectrum states. For states with large energies,
more nodes of the wave function in the oscillator rep-
resentation can be observed within the finite range of
oscillator shells.
FIG. 8. Weights of different oscillator shells in wave functions
of 1/2+ resonance states in 9Be and 9B.
Such a behavior of resonance wave functions may ex-
plain why these resonances are difficult to detect by al-
ternative methods.
It is important to note, that such shape of resonance
wave function is observed not only for the 1/2+ resonance
states in 9Be and 9B but also for the low-lying 1/2+ res-
onances in 11B and 11C as shown in Ref. [41]. These
resonance states were considered as candidates for the
Hoyle states in 11B and 11C. They are narrower (Γ =12
and Γ =163 keV in A = 11 comparing to Γ =168 and
Γ =477 keV in A = 9) than the 1/2+ resonance states
in 9Be and 9B, however, the behavior of shell weights is
very similar.
In Fig. 9 we show the weights Wsh for the narrow
3/2− resonance state in 9B. This is a typical picture for
very narrow resonance states in light nuclei. There are
two main features of wave functions of narrow resonance
states. First, the wave function is represented by the
oscillator shells with small values of Nsh. Second, it has
very large values of the weights Wsh for resonance states.
FIG. 9. Structure of wave function of the 3/2− resonance
state in 9B.
It should be stressed that all wave functions of con-
tinuous spectrum states are normalized by the standard
condition 〈
ΨE,Jpi |ΨE˜,Jpi
〉
= δ
(
k − k˜
)
,
where
k =
√
2mE
~2
, k˜ =
√
2mE˜
~2
.
By analyzing the total and partial widths, we deter-
mine the dominant decay channels of a three-cluster res-
onance state. This analysis help us to shed some light
on the nature of a resonance channel in many-channel
systems. It can be performed for two different trees of
the Jacobi vectors, which were denoted as n+8Be and
4He+5He in Ref. [2]. The 1/2+ resonance state in 9Be
and 9B has only dominant channel. In the first tree, the
resonance prefer to decay into the channel, where the rel-
ative orbital momentum of two alpha particles and the
orbital momentum of valence neutron (with respect to
the center of mass of two alpha particles) equal zero. Par-
tial widths connected with that channel almost coincides
with the total width. The same situation is observed in
the second tree. There is also only one dominant channel
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with zero values of partial orbital momenta. The first
orbital momentum represents relative motion of neutron
around first alpha particle and the second one represents
relative motion of the second alpha particle with respect
to the center of mass of the subsystem α + n. These
properties of the 1/2+ resonance states in 9Be and 9B
are based on two important factors. The first factor is
the dominant role of the channel with the hypermomen-
tum K = 0 in wave function of the resonance state. The
second factor is connected with the essential properties
of the hyperspherical harmonics with K = 0. With this
value of hypermomentum, we have got only one hyper-
spherical harmonic which is independent on choice of the
Jacobi vector tree.
C. Resonances versus attraction
To shed some more light on structure of the 1/2+
states in 9Be and 9B, we are going to increase attrac-
tive effective interaction in these nuclei by manipulating
with the exchange parameter of nucleon-nucleon forces.
By increasing the effective interaction in a many-channel
system we expect to decrease energy and width of reso-
nance states to persuade ourselves that the 1/2+ states
in 9Be and 9B are resonance states. For virtual states
such an increase of parameters or increase of attraction
between clusters will lead to appearance of the corre-
sponding bound states.
In Ref [27] such the procedure was used to study de-
pendence of energy and width of the 0+ resonance state
in 12C (well-known as the Hoyle state) on the exchange
parameter u of the MP. It was shown that increasing of
u (which results in increasing of the effective interaction
in 12C) leads to decreasing of energy and width of the
0+ resonance states, created by the interaction between
three alpha particles. Here we use the same procedure
and also the same nucleon-nucleon potential (namely the
MP). The form of this potential allows to reduce signif-
icantly numeric calculations of parameters of 1/2+ res-
onance states as a function of u. We also believe that
the same dependence of resonance parameters upon the
exchange parameter of the nucleon-nucleon force can be
obtained for the MHNP. In Figures 10 and 11 we dis-
play how energy and width of the 1/2+ resonance states
in 9Be and 9B depend on the parameter u. Note that
we start our calculations with u=0.928, which gives en-
ergy of the 9Be ground state E=-1.59 MeV, and end up
with u=0.945 which yields the bound state energy of 9Be
E=-2.36 MeV. This proves that we indeed increase the
effective interaction (attraction) between clusters in 9Be
and 9B by increasing the parameter u of the MP. As we
see from Figure 10 that such a manipulation with the
parameter u slightly decreases energy of the 1/2+ reso-
nance state in 9B and more strongly reduces (almost two
times) energy of the resonance state in 9Be. Increasing of
the effective attraction leads to more substantial changes
of widths of 1/2+ resonance states. As we see from Fig-
ure 11 that the width of the 1/2+ resonance state in 9B
is diminished from 181 keV to 95 keV, while the width
of the 1/2+ resonance state in 9Be drops from 15 keV
to 92 eV. Thus the 1/2+ resonance state in 9Be became
very a narrow resonance state which resides close to the
α + α + n threshold. However, the excitation energy of
this state measured from the 9Be ground states is in-
creased from E=1.80 MeV (u=0.928) to E=2.50 MeV
(u=0.945). It is interesting to note that a very narrow
resonance state has a completely different wave function
comparing to the wave function with starting values of
the parameter u=0.928 or the wave function obtained
with the MHNP. In Figure 12 we display weights of dif-
ferent oscillator shells in the wave function of a very nar-
row 1/2+ resonance state in 9Be. Comparing this Figure
12 with Figure 8, we see that the narrow resonance state
has a large amplitude of wave function in the internal
region and its wave function is represented by oscillator
shells with small values of Nsh.
FIG. 10. Energy of 1/2+ resonance state in 9Be and 9B as a
function of parameter u of the MP.
It is important to make the following comment. Be-
cause the binding energy of alpha clusters does not
depend on the u-parameter, the threshold energy of
α + α + n(p) is independent of u. But the threshold
energies of 8Be+n(p) and 5He(5Li)+α depend on u. The
1/2+ states in 9Be and 9B are calculated above the three-
body α + α + n(p) threshold but below the two-body
threshold. Therefore, the calculated 1/2+ states are un-
bound for the three-body α + α + n(p) threshold but
bound state for the two-body threshold. The virtual
state, which was observed, for instance, in Refs. [12, 13],
is usually defined for the two-body threshold.
Results of the present section indicated that the 1/2+
states in 9Be and 9B are indeed resonance states. Be-
sides, the analysis of dominant decay channels and wave
functions leads us to the conclusion that the three-body
effects, originated from nucleon-nucleon interaction and
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FIG. 11. Dependence of the width of the 1/2+ resonance state
in 9Be and 9B on the parameter u of the MP.
FIG. 12. Structure of wave function of the 1/2+ resonance
states in 9Be calculated with the MP and u=0.945.
the Coulomb potential between protons, and the Pauli
principle plays very important role in formation of the
1/2+ resonance states in 9Be and 9B.
V. EFFECTS OF COULOMB FORCES
Within the present model, differences in the position
and of the total width of resonance states in mirror nuclei
9Be and 9B arise from the Coulomb interaction solely,
which is more stronger in 9B than in 9Be.
Effects of the Coulomb interaction on mirror or iso-
baric nuclei have been repeatedly investigated by many
authors. Very often influence of the Coulomb potential
on the spectrum of such nuclei is associated with the
Thomas-Erhman effect or shift (see, for instance, [42] and
references therein), which is connected with the shift of
energy of single particle levels in mirror nuclei due to the
Coulomb interaction. By considering the mirror nuclei
in the isotopic spin formalism, one can suggest two-fold
effects of the Coulomb forces on parameters of resonance
states. First, increasing of the Coulomb interaction leads
to decreasing of the attractive effective interaction in each
channel of a many-channel system. That may shift up en-
ergy of resonance states and may also increase width of
resonance states. Second, the Coulomb interaction makes
an effective barrier more wider, that may decrease both
energy and width of resonance state. What scenario is
realized in nuclei 9Be and 9B and how it depends on the
total angular momentum J?
A first effects of the Coulomb forces in the mirror nuclei
9Be and 9B can be seen in Figure 13 where spectrum of
these nuclei is shown. Five dashed lines, connecting levels
with the same total angular momentum J and parity pi in
9Be and 9B, show that Coulomb forces significantly shift
up levels (Jpi= 3/2−, 5/2−, 5/2+, 7/2− and 9/2−) and
four dashed lines indicate a moderate shift up of energy
of resonance states (Jpi= 1/2+, 3/2−, 1/2− and 3/2+) in
9B comparing with correspondent states in 9Be.
FIG. 13. Spectrum of bound and resonance states in 9Be and
9B, calculated with the MHNP.
In Figure 14 we present how Coulomb forces affects
both energy E and width Γ of resonance states. In this
Figure resonance states of 9Be are marked by triangle
up, while resonance states of 9B in the plane E -Γ are
indicated by triangle down. Dashed line in the Figure
indicates situation when the width of a resonance state
equals to its energy Γ = E. As one can see from Tables
IV, V and from Figure 14 that energy of the resonance
state of 9Be with given total angular momentum J and
parity pi is lower than the analogue resonance state in
9B. All resonance states in 9Be are more narrow than
corresponding resonance states in 9B.
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FIG. 14. Displacement of resonance states due to Coulomb
interaction.
Results presented in Tables IV, V and Figures 13, 14
indicate that the first scenario is realized in mirror nuclei
9Be and 9B. The Coulomb forces leads to the increas-
ing both energy and width of resonance states. We can
split all resonance states on three categories depending
on effects of the Coulomb interaction. For this aim we
calculate a ”Coulomb shift angle”
θC = arctan
(
E
(
9B
)− E (9Be)
Γ (9B)− Γ (9Be)
)
for each pair of resonance states in 9Be and 9B with
the given values of the total momentum J and parity
pi. The first category consists of resonance states with
the Coulomb shift angle 40 ≤ θC ≤ 50 degrees. We call
this category as a category with the moderate Coulomb
effects. There are several resonance states when Coulomb
forces increase energy and width in the same proportion.
This leads to the case when the line connected analogue
resonance states is parallel or almost parallel to the line
Γ = E. These are 1/2+ and 3/2−2 resonance states. The
second category of resonance states consists of resonance
states with the Coulomb shift angle θC < 37 degrees
and we call it as a category of weak Coulomb effects. In
this case the Coulomb interaction changes strongly en-
ergy and weakly changes resonance width. This category
includes 5/2−1 , 5/2
+
1 , 7/2
−, 7/2+ and 9/2+ resonance
states. The third category consists of resonance states
with slightly changed energy but with strongly increased
width. The Coulomb shift angle for this category θC > 66
degrees. This category consists of four resonance states:
1/2−, 3/2+, 5/2−2 and 5/2
+
2 .
Thus, the Coulomb interaction has week, moderate or
strong influence on parameters of resonance states in mir-
ror nuclei 9Be and 9B.
VI. HOYLE ANALOG STATES
We recall that the Hoyle state is a very narrow reso-
nance state in 12C. It lies not far from the three-cluster
threshold (E= 0.38 MeV) and has very small width Γ =
8.5 eV. One of the main features of the Hoyle resonance
state that it is a very long-lived resonance state (accord-
ing to nuclear scale). The Hoyle state is a dominant
way for the nucleosynthesis of carbon in helium-burning
red giant stars, which are rich of alpha particles. The
present AM HHB model was successfully used in Ref.
[27] to study a spectrum of bound and resonance states
in 12C. It was obtained that the Hoyle state is gener-
ated by the triple collision of three alpha particles. (It
should be stressed that the present model is accounted
both for the sequential and simultaneous decay or exci-
tation of a three-cluster resonance state. Technically it
is very difficult to distinguish the sequential decay from
simultaneous one. Thus, in our notion a term “the triple
collision” stands for both types of processes.) These re-
sults of the present model encouraged us to search the
Hoyle-analogue states in 9Be. There is a quest for the
Hoyle-analogue states in light nuclei by different theo-
retical methods. Here, we are going to find in 9Be the
Hoyle-analogue state(s) by using the AM HHB model.
If we look at Table IV, we find that 9Be has two res-
onance states (1/2+ and 5/2−) which lie close to the
three-cluster threshold α + α + n. However, the 1/2+
resonance state is not narrow one, as ratio Γ/E is large
(Γ/E ≈ 0.5). Meanwhile, the 5/2− resonance state is
indeed narrow resonance state because width is small
Γ=23.6 eV and besides ratio Γ/E is also very small: it
equals Γ/E ≈ 2.63·10−5 in our model and the experi-
mental ratio is Γ/E ≈ 9.0·10−4. One can compare this
ratio with the experimental ratio Γ/E ≈ 2.24·10−7 for
the Hoyle state.
Our calculation indicates that the 5/2− resonance state
is the Hoyle-analogue state. This state has quite large
half-life time, it could emit quadrupole gamma quanta
and transit to the ground state of 9Be. This is one of
possible ways for synthesis of 9Be. We assume, that in
stars with large densities of alpha particles and neutrons
this is a very plausible way of creating 9Be nuclei.
The present model also indicates that the 1/2+ reso-
nance state, being too wide or too short-lived one, has
very small chance to participate in synthesis of 9Be.
Let us consider the structure of wave function of the
5/2− resonance state in 9Be. In Figure 15 we demon-
strate the weight Wsh of different shells in the wave func-
tion of the 5/2− resonance state. It can be concluded
from the Figure that the 5/2− resonance state is a com-
pact object, as it mainly represented by the oscillator
shells with small number of Nsh. The structure of wave
function of the 5/2− resonance is similar to the structure
of the 9Be ground state wave function, which was dis-
played in Figure 3 in Ref. [2]. In both cases, the main
contribution to wave functions of bound and resonance
states comes from the oscillator shells Nsh ≤15. Besides,
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the wave function of the resonance state has a very large
amplitude in the internal region (Wsh ≤ 106). Such a be-
havior of the wave function of the 5/2− resonance state
in 9Be is very similar to the behavior of the wave func-
tion of the Hoyle state in 12C (see, for instance, Refs.
[41, 43, 44]).
FIG. 15. Weights of different oscillator shells in the wave
function of the 5/2− resonance state in 9Be.
By comparing Figures 9 and 15 for resonance states
3/2− in 9B and 5/2− in 9Be, respectively, we came to
the conclusion that these figures represent the standard
behavior of wave function for narrow resonance states. It
means that the wave function of a “standard” resonance
state has a very large amplitude in the internal region,
this amplitude is much larger than the oscillating ampli-
tude in the asymptotic regions. It also means that three
clusters spend long time in the region, where inter-cluster
distances are small and an interaction between them is
strong.
Let us consider candidates to the Hoyle analog states in
9B. This nuclei, as was mentioned above, has no bound
state and thus there is no way for creating of a stable
state in the triple collision of two alpha particles and pro-
ton. However, one may consider the creation of a narrow
resonance state in 9B, which can be then transformed
into a bound state of 9Be by emitting the beta parti-
cle or in combination of beta decay and gamma decay.
This cascade of decay can be considered as an additional
alternatively way for synthesis of 9Be nucleus. As we
see from Table V, there are two very narrow resonance
states in 9B, they are the 3/2− resonance state with a
ratio Γ/E ≈ 2.8·10−6 and the 5/2− resonance state hav-
ing a ration Γ/E ≈ 6·10−3. The first resonance state, as
was shown in Figure 9, is very compact and very narrow
three-cluster state. The 5/2− resonance state in 9B is not
so narrow as the 3/2− state, however, it has a wave func-
tion with features which are typical for narrow resonance
TABLE X. Avarage distances R1 = R(N − αα) and R2 =
R(α− α) (in fm) for few states of 9Be and 9B.
9Be
Jpi E Γ R1 R2
3/2− -1.574 3.71 3.38
5/2− 0.897 2.363·10−5 4.75 3.52
1/2+ 0.338 0.168 14.02 7.37
9B
Jpi E Γ R1 R2
3/2− 0.378 1.076·10−6 3.96 3.50
5/2− 2.805 0.017 5.01 3.87
1/2+ 0.636 0.477 14.33 7.44
state (see Figure 16).
FIG. 16. Structure of wave function of the 5/2− resonance
state in 9B. Result is obtained with the MHNP.
Having calculated wave functions of a bound or res-
onance state, we can evaluate the shape of a triangle,
connected the centers of mass of interacting clusters. In
Table X we display average distances R2 = R (α− α)
and R1 = R (N − αα) between clusters. The quantity
R (α− α) is an average distance between alpha particles,
and R1 = R (n− αα) (or R (p− αα)) determines the av-
erage distance between the neutron (proton) and the cen-
ter of mass of two alpha particles. It is important to note
that to calculate average distances for resonance states
we make use the internal part of wave functions, which
we normalize to unity (see more detail in Refs. [2, 41]
about definition of average distances between clusters).
Narrow resonance states, mentioned in Table X, have
approximately the same size of a triangle as a bound
state in 9Be. Meanwhile, the 1/2+ resonance states in
9Be and 9B are represented by a very large triangle. We
assume that such dispersed (even in the internal region)
resonance states have very small probability (comparing
to the very narrow resonance states) to be transformed
into a bound state.
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VII. CONCLUSIONS
A three-cluster microscopic model was applied to stud-
ies of resonance states in mirror nuclei 9Be and 9B. The
model makes use of the hyperspherical harmonics to nu-
merate channels of three-cluster continuum and simplify
the method of solving of the Schro¨dinger equation for
a many-particle and many-channel system. The MHNP
modeled the nucleon-nucleon interaction. It was shown
that the model with such an NN interaction provides a
fairly good description of parameters of the known res-
onance states. This potential provides much better de-
scription of the spectrum of resonance states in 9Be and
9B, than the MP, which was used in the previous pa-
per [2]. It was shown that within the present model the
excited 1/2+ states in 9Be and 9B are described as reso-
nance states. It is also established that only one channel
with the hypermomentum K = 0 dominates in formation
and decay of these 1/2+ resonance states. By analyzing
effects of the Coulomb interaction, we discovered three
groups of resonance states which reveal weak, medium
and strong impact of the interaction on energy and width
of resonance states. Our analysis leads us to the conclu-
sion that the very narrow 5/2− resonance state in 9Be
can be considered as the Hoyle-analogue state, and we
assume that this state is a key resonance state for the
synthesis of 9Be in a triple collision of alpha particles
and neutron in a stellar environment.
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